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The determination of optimal periodic cruise trajectories that incorporate initial states as design variables is
studied in this paper. A two-level optimization method that separately deals with initial states in the outer loop and
control variables in the inner loop is introduced. The outer-loop parameter optimization problem uses tradespace
visualization driven by a genetic algorithm and the inner-loop optimal control problem uses the direct shooting
method. A multi-objective (fuel rate and heat load) optimal periodic cruise problem in the outer loop is investigated.
It is shown that if the objective of the inner loop is heat load, the fuel performance is not desirable for all the initial
states. Thus, only fuel rate is the inner-loop objective. The Pareto solutions that the path constraints have no impact
on control variables and that the path constraints are activated on control variables are both identified by imposing
the path constraints in the outer loop and inner loop, respectively. Approximation models, built through a response
surface methodology, replace the inner-loop optimization model and generate the Pareto fronts during the process of

tradespace visualization.

Nomenclature
C = heat transfer coefficient, x10* kg'/?m=3/2
Cp = drag coefficient
Cpo = zero-lift drag coefficient
Cy = lift coefficient
Cro = zero-angle-of-attack lift coefficient
Crmax = Mmaximum thrust coefficient
g = gravity acceleration of Earth, m/s?
Sw = ratio of wall enthalpy to total enthalpy
h = altitude, m
Mowess = lowest altitude of periodic cruise, m
hosc = altitude of optimal steady-state cruise, m
I, = specific impulsive, s
Josc = cost function of steady-state cruise
Ji = cost function of fuel-optimal periodic cruise
I = cost function of heat-optimal periodic cruise
Jy = normalized cost function of fuel-optimal
_ periodic cruise
Js = normalized cost function of heat-optimal

periodic cruise
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Subscripts
f
i
j —

induced-drag parameter

Mach number

mass of vehicle, kg

fuel consumption rate, kg/s

throttle node number of boost phase
acceleration load, g

maximum acceleration load, g
angle-of-attack node number of each phase
heat load, J/cm?

heating rate, W/cm?

maximum heating rate, W /cm?

heat load of steady-state cruise, J/cm?
dynamic pressure, Pa

maximum dynamic pressure, Pa
downrange, m

downrange of optimal steady-state cruise, m
radius of Earth, m

radial distance, m

body nose radius, m

reference area for aerodynamic force, m?
reference area for propulsive force, m?
throttle

thrust of engine, N

final time of optimal steady-state cruise, s
period of optimal periodic cruise, s
velocity, m/s

velocity of optimal steady-state cruise, m/s
angle of attack, deg

flight-path angle, deg

downrange angle, deg

density of atmosphere, kg/m?

final time
index of phase number
index of node number of angle of attack
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Introduction

ERIODIC cruise (PC) (as shown in Fig. 1) was first proposed in

1955 for finding fuel-optimal trajectories [1]. PC trajectories use
a skipping motion and sustain this skipping motion with propulsion
impulses periodically. The start point of one period is chosen when
the initial flight-path angle equal to zero in this study, so that the
whole trajectory can be breakup with leaving only two free variables
of initial flight states (initial height 4, and initial velocity V{)). One
period of a PC trajectory then can be divided into three phases: glide
phase 1, boost phase, and glide phase 2. With the propulsion in the
boost phase, the vehicle flies back to the initial states at the end of one
period. The widely used steady-state cruise (SC) that flies at a
constant altitude and constant velocity does not satisty the second-
order Jacobi test of optimality in the frequency domain [2]. Thus,
steady-state cruise does not generate fuel-optimal trajectories, al-
though periodic cruise has not been proven to be fuel-optimal
mathematically. Periodic cruise trajectories appear to achieve better
fuel performance than steady-state cruise trajectories, as shown in
many theoretical and numerical studies [3—10]. Two mechanisms
leading to fuel efficient periodic flight have been discussed [3]. The
first is that periodic cruise can make good use of the aerodynamic
performance in the glide phases and thrust performance in the boost
phase. Second, the vehicle may experience less drag produced by the
atmosphere through the kinetic-potential energy exchange. The
vehicle flies in a thinner atmosphere along the periodic cruise trajec-
tory for the majority of time during one period. Therefore, the total
energy loss can be reduced by appropriate design.

For long-range hypersonic flight, the vehicle encounters severe
heating issues (total heat load and peak-heating rate). The heat load
was considered as an important parameter in recent studies on
periodic cruise [11,12]. The heat load generated by periodic cruise
may be lower than that for steady-state cruise because the vehicle
flies the majority of its time in a thinner atmosphere. However, the
peak-heating rate of PC appears to be high because of the high atmo-
spheric density in the boost phase. Thus, the peak-heating rate can be
treated as a path constraint for periodic cruise [4,12].

In previous studies [3-12], the fuel rate (the ratio of the fuel
consumption to the range over one period) is the only objective to be
minimized. The relationship between fuel rate and heat load has not
been studied extensively. The tradeoff between fuel rate and heat load
with respect to design variables needs to be investigated. Also, the
effects on the objectives and the path constraints from the initial flight
states (/1 and V) are unknown. This paper focuses on two goals:
1) generating the Pareto front of a multi-objective optimal periodic
cruise (OPC) trajectory and 2) exploring the effects on the objectives
and constraints from differing initial states. To compare with the
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Fig. 1 Concept of a periodic cruise trajectory.

OPC, optimal steady-state cruise (OSC) is also investigated in this
paper. The effect of decrease of mass for OPC trajectories and OSC
trajectories are both considered.

We begin by providing brief introductions to the direct method of
trajectory optimization and tradespace visualization. Next, the
concepts of the two-level optimization are presented. The mathe-
matical model of optimal periodic cruise trajectories is also shown.
Then, the process to solve the inner-loop nonlinear programming
problem is introduced. The method to generate an initial guess of
control variables of the inner-loop optimization model with different
initial states is also given in this section. Then the mathematical
model of optimal steady-state cruise is shown. The method to solve
the OSC problem is also presented in this section. Next, the process
of solving the outer-loop optimization problem via tradespace
visualization is described in detail with a numerical example. The
resulting costs of the OPC trajectories are compared with the costs of
the OSC trajectories. The details of building the approximation
model by response surface methodology is also introduced in this
section. The paper then draws conclusions on the work presented.

Two-Level Optimization Method
Direct Trajectory Optimization Method

Generally, numerical methods to solve the trajectory optimization
problem (optimal control problem) can be categorized into direct
methods and indirect methods [13]. Direct methods discretize the
original optimal control problem into a nonlinear programming
(NLP) problem, and the indirect methods apply the calculus of
variation (Pontryagin’s maximum principle) to transfer the optimal
control problem into a two-point or multipoint boundary-value
problem. Indirect methods introduce the Lagrange multiplier to
formulate the first-order optimality conditions. The solutions from
indirect methods are closer to the true optimal solution, as compared
with solutions from direct methods. However, there are some
drawbacks to indirect methods [13]:

1) The initial guess is difficult to specify (generally nonintuitive).

2) The solutions are very sensitive to the initial values of multiplier
variables.

3) Analytical derivatives are needed for the necessary condition.

Compared with indirect methods, direct methods are easier to
converge and have more flexibility to accommodate different
objectives and constraints. Thus, a direct method is used in this paper.

Direct methods can be further categorized into three groups: direct
shooting, direct multiple shooting, and direct collocation. Some
details of these methods can be found in [13,14]. From the view of
design variables, direct multiple shooting methods and direct collo-
cation methods also take states as design variables. Although these
two methods are considered to be more robust [14], direct shooting
method with the initial guess of control variables described later was
found to be sufficient to solve the inner-loop optimization problem.
Thus, direct shooting method is used in this study.

Tradespace Visualization

The optimization-based design can be noted as the following
process [15]:

1) Formulate the design problem.

2) Develop analysis models.

3) Execute an optimization algorithm.

Although it has been studied extensively and has been applied
successfully in many problems, traditional optimization-based
design processes still have many shortcomings. Since the problem is
many times improperly formulated, the designers are usually
unsatisfied with their results. Designers are often unable to form their
preferences until they see some representative optimization results
[15].

Alternatively, tradespace visualization/exploration has been con-
ceptualized to enable broad exploration of a tradespace by a decision-
maker before defining the requirements, constraints, and preferences
associated with a particular problem. This approach has evolved
from a design-by-shopping paradigm [15], where a decision-maker
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first explores a design space and then chooses an optimal solution
from a set of possible designs using a visualization tool instead of
relying on black box optimization algorithms. It combines expert
knowledge with computational power to improve the solution by
integrating multidimensional data visualization and visual steering
command [16]. The following steps are associated with using
tradespace visualization [17]:

1) Build a simulation model to analyze the system.

2) Run experiments.

3) Explore the tradespace by interactive visualization tools.

In this paper, Phoenix Integration’s ModelCenter [18] is used to
conduct the tradespace visualization. The following tradespace
visualization techniques based on [19] are implemented:

1) Build the analysis model.

2) Generate the initial exploratory designs.

3) Screen design parameters; specify objectives and constraints.

4) Apply response surface methodology (metamodeling) to
construct approximation model.

5) Generate the Pareto front and select the preference design.

Since the two-level optimization method is used, some unique
steps (distribution of objectives and constraints, approximation
model) are introduced in this paper. More detail regarding this
technique will be given with an example later.

Two-Level Optimization Method

As mentioned in the introduction, one of the goals in this paper is
to explore the effect on the objective and constraint from the initial
states. Thus, the initial states and control variables will be handled
separately. The concept of a two-level optimization method is to
divide the original optimal control problem into two different sub-
problems: the inner-loop optimization problem is an OPC trajectory
optimization problem with a given pair of {4, V,} to find the optimal
control variables and to provide the values of flight parameters for
inner-loop and outer-loop objectives and constraints. The outer-loop
optimization problem is a parametric optimization problem to find
the optimal {hg, V,} by evaluating the values of flight parameters
from inner loop.

The nonlinear programming problems from direct methods are
often solved by local optimization algorithms (non-gradient-based or
gradient-based algorithms) that can easily fall into local optimal
solutions. Genetic algorithms (GAs) become a good option to
increase the likelihood of finding global optimal solutions. A multi-
objective GA can yield a whole set of potential solutions (generally
Pareto solutions) and provide tradeoft between designs [20,21]. Each
Pareto solution has the property that no other design can be found that
is better in all objectives. To understand the trade between different
objectives and constraints of a multi-objective (fuel rate and heat
load) OPC problem, generating the Pareto front (the set of all Pareto
solutions) is more meaningful than just get a pair of optimal solution.

Outer-loop

Thus, tradespace visualization driven by a GA is used to handle the
initial states. However, a GA is typically insufficient in refining the
solution once the general region has been identified [22], which
means a GA alone is usually not sufficient to generate an accurate
solution for the control variables. Also, it is shown later that the fuel
performance of the periodic cruise is not desirable if the heat load is
taken as the inner-loop objective: the inner loop is a single objective
problem. Thus, control histories will be handled by a sequential
quadratic programming (SQP) algorithm.

Hybrid methods of a genetic algorithm and a local algorithm can
be categorized into two types [22-25]:

1) The solution of GA is used as the initial guess of a local
algorithm [23,24].

2) A local algorithm is driven by a GA and each population
of the GA is sent to the local algorithm to be local optimized
[22.25].

The differences of the two-level optimization method used in this
study from previous hybrid methods include the following:

1) Different algorithms (GA and SQP) deal with different design
variables (initial states and control variables, respectively).

2) SQP in the inner loop is not used to refine the result of GA in the
outer loop [22,25], but to provide more accurate (than GA) inner-
loop solution and the values of objectives and constraints.

3) The local algorithm is not driving directly by the GA; instead,
the approximation model will be introduced to speed up the
searching process, as explained later.

The concept of this two-level method combining a SQP algorithm
and tradespace visualization is illustrated in Fig. 2.

Figure 2 shows the relationship of the inner loop and outer loop.
The function of the inner loop is to optimize the control variables
with given initial states. The inputs of the inner loop are initial states
from the outer loop and the outputs (for outer loop) are the values of
the flight parameters for outer-loop objectives and the constraints.
The function of the outer loop is to optimize initial states by
evaluating the objectives and constraints from inner loop. The
CFSQP [26] package is used as the inner-loop NLP solver. A multi-
objective (Pareto-based) genetic algorithm so-called Darwin in
ModelCenter based on a multiple elitist selection scheme [27] is used
as the outer-loop solver. The selection of the GA parameters is given
as follows: The initial population size is chosen to be 44, the
crossover probability is 1, the mutation probability is 0.1, and the
minimum change of the Pareto solutions required for improvement is
1%. If no improvement is achieved for 44 generations or a maximum
1000 generations are reached, the genetic algorithm is considered to
have converged.

There are several issues raised by using the two-level optimization
method:

1) Since the original optimal control problem has been divided into
two suboptimization loops; how to distribute the objectives and
constraints in these two loops needs to be determined.

New /.7, Trajectory Values of inner-loop NLP
simulation objectives and constraints Solver
A

New |control variables

No
No
: Direct Shooting Method
G A .o Sy LU

Tradespace

Values of outer-loop

Visualization [

Output optimal /p.7;

objectives and constraints

Output optimal control variables

Fig. 2 Concept of the two-level optimization method.
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2) A wide range of initial states will be analyzed in this paper, so a
method to generate good initial guesses of the control variables under
different initial states automatically is important during the
tradespace visualization.

3) Each evaluation of the internal loop is actually an optimization
process; how to reduce the calculation cost needs to be considered.

Optimal Periodic Cruise Problem
Problem Statement

A modified HL-20 lifting-body model [4] is used as the simulation
model in this paper. The equations of motion for flight in the vertical
plane over a nonrotating spherical Earth are (since the vehicle is
flying in the atmosphere during its entire flight, the effects of the
rotating Earth are reduced but not eliminated; because of the varying
altitude and latitude, Earth rotation effects have some impact but are
ignored):

dr .
— = Vsin 1
” Y (1
d6 Vcos
= Y 2)
dr r
1 2
d—Vz—(Tcosa—M)—gsiny 3)
dt m 2

1 S,C, V? Vv
d_yz— Tsinoz—l—pbiL —(&-= cosy “4)
mV 2 r

dm . T
—_—=—m,=—
gl

i ®)

where m = 98830 kg, S, =250 m?, and g = /7%, and the 1976
U.S. Standard Atmosphere model is used to calculate the density of
the atmosphere. The speed of sound is assumed constant and equal to
340.294 m/s. The engine model is given as follows [4]:

CTmax (M’ a)
0.4736M"'5 4 1.6947M >

= 2 2 ©)
%exp[—%(a—{—S—%) ] M =>4)

(M <4)

T= SéCTmaxS(' (O =s= 1) (7)

4500 — 10(h — 20) (M < 4)

L (h, M) = { 245M + 5480 — 10(h—20) (M >4) O

where h in Eq. (8) is in kilometers. The aerodynamic model is given
as follows [4]:

C,(M,a) = Cpy(M) + Cpo(M)

9
Cp(M, ) = Cpo(M) + K(M)C} )

K(M) = 1.85[1 — exp(—0.2356M))]
1
C;o(M) = ——arctan[10(M — 1)] — 0.035
10(M) = 55— arctan[10(M — 1) w0
Cro(M) =0.057 exp(—0.654M) + 0.014

Cpo(M) = 0.008 + 0.008 exp[—0.3(M — 1.4)?]
The objective functions are the ratio of the fuel consumption to

the range and total heat load over one period, and are described
mathematically as

‘t/ .
o M dt _my—my

= — = (11)
" [T Rar R
o
Jzz/ Qdt (12)
)
where R is given as
'V
R=R€/,ﬂdt (13)
0 r

The objective functions are normalized by optimal steady-
state cruise (OSC) values in order to give them a more physical
representation. The fuel consumption and heat load of OPC and OSC
are tied to the same distance, which means

Rosc = Ropc (14)

For different h, and V,, the downrange of PC trajectories Ropc
(also Rpgc) is different. A higher Rggc will result a higher Qogc (total
heat load over Rpgc). Since the decrease of mass, a higher Rogc will
result a lower Jogc (fuel rate over Roge). Thus, Joge and Qgge are
different with different s and V|, of PC trajectories. The objectives,
normalized fuel rate and normalized heat load, are given in Egs. (15)
and (16), respectively, as

I =T /Josc (15)
J2=175/Qosc (16)

Throttle is also taken as a design variable to allow the singular arc
exists in the optimal solutions [28]. As stated in the Introduction, by
selecting the point when the initial flight-path angle is equal to zero as
the beginning of one period, only two initial states (s, and V) are
design variables. Thus, the design variables include the angle of
attack «(7), throttle s(¢), start and end times of thrust (¢, and f.),
period ¢, (see Fig. 1), initial height %, and initial velocity V.

The constraints include dynamic equations, path constraints, ter-
minal state constraints, and upper/lower bound of design variables.
Path constraints include maximum heating rate, maximum dynamic
pressure, and maximum acceleration load. These constraints can be
expressed below.

The constraint of heating rate is given as

0=CpV? < Opax (17)

the heat transfer coefficient of the vehicle model used in this study is
given by [4]

C =1.83(107%) /7, (1 — g,,) = 5.188(107%) (18)

where the resulting units of heating rate are in watts per square
centimeter.
The constraint of dynamical pressure is given as

G=3V? = Goax 19)

The constraint of acceleration load is given as

. \/(Tcosoz—D)z—i-(L—f—Tsinot)ZSnmalx 20)

mg

For other path constraints such as structure, the load indictor
(dynamic pressure—time angle of attack) can also be monitored if it
was considered important. The terminal state constraints hy = hy,
Vo =Vy, and y, = y, are imposed to obtain periodic trajectories.
The upper/lower bounds of angle of attack, throttle, thrust time, flight
time, and initial states are imposed.
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Inner-Loop Optimization Model

Since the thrust is different between different phases, the optimal
periodic cruise trajectory problem will be treated as a multiphase
trajectory optimization problem. And the throttle 0 < s(f) < 1in the
boost phase and s = 0 in the glide phase. Integration of states still
starts from the #, to the ¢,.

The design variables of the inner loop include the control history
a(t) and throttle history s(¢), which are transformed to parametric
angle of attack ;; (i=1,2and 3 and j=1,2,..., P; there are
three phases, and P; represents the number of nodes in phase i) and
parametric throttle s, (k=1,2,...,N) by the direct shooting
method, start and end times of thrust (¢, and 7. ), and flight time of a
period #;. All design variables are normalized to aid the convergence
of the NLP solver. The total number of design variables in the inner
loop is P, + P, + P3 + N + 3. The terminal state constraints are
considered to be fulfilled when /iy = hg =10 m, V, = V; £ 5 m/s,
and y; =y, £ 0.1°.

As mentioned earlier, providing a good initial guess for control
variables under different initial states is very important. Two types of
PC trajectories will be investigated here: namely, fuel-optimal PC (J,
is the objective in inner loop) and heat-optimal PC (J, is the objective
in inner loop). The maximum-glide trajectory makes good use of the
aerodynamic performance of the vehicle, so the initial value of the
angle of attack for the fuel-optimal periodic cruise trajectories can be
given from maximum-glide trajectories. Since maximum lift/drag
ratio L/ D trajectories are near-maximum-glide trajectories and the
expression of 0y, 1 /p can be given analytically, oty 1,p Will be used
as initial guess of angle of attack for fuel-optimal PC trajectories.
With the definition of maximum L /D trajectory, we have

d (L
[E (B)]maxL/D =0 (21)

Substitute Eq. (9) in Eq. (21), &pex/p can be given as

1 [Cpy Cypp
= - 22
®max L/D CLa K CLO( ( )

One key issue in implementing the two-level optimization method
efficiently is to give a good initial guess of #,,, ., and 7, with
different initial states. The guess of these three variables for fuel-
optimal PC trajectories will be given by the following two steps:

1) Generate the maximum L /D trajectory. Track the time at the
lowest height 7., and flight time ¢ .

2) Pass the ton;ml 3 st ® and t(,ffgm:l = Tony,,, T cODStant values
to generate an optimal periodic cruise trajectory via the SQP
algorithm.

For given initial states, it can be expected that the main difference
between the powered fuel-optimal periodic cruise trajectory and the
unpowered maximum L /D trajectory is the segment after #,,. Also,
the thrust initiation should be close to the lowest altitude because
lower altitude will benefit the specific impulse, I, of the engine, as
shown in Eq. (8). So the time of lowest altitude of the maximum L /D
trajectory Tongesy CAN be a good guess of #,,. The time when the
trajectory reaches the next peak (the flight-path angle is zero) is
considered to be the flight time of the unpowered maximum L/D
trajectory L st These initial guesses are then passed to the SQP
algorithm.

For heat-optimal PC trajectories, a higher mean altitude results in a
lower heat load. To improve the altitude of a PC trajectory (for given
initial states), a higher angle of attack and a longer thrust time are
desirable. Thus, initial guess for heat-optimal PC trajectories is
unpowered glide trajectories with a high angle of attack. The time
when the trajectory reaches the next peak (the flight-path angle is
zero) is considered to be the flight time of the unpowered high-angle-
of-attack trajectories 7, .. The initial guess of thrust start time
Totguess = 0, and the initial guess of thrust end time Lot ey = frona
The numerical results show that these methods are quite robust and
efficient with a wide range of initial states. However, the inner-loop
optimization problem will produce a response surface biased towards

those initial guess trajectories and, thus, the search of the GA is
confined to those trajectories represented on the surface. A true
global search of the design space in the inner loop is not conducted.

Optimal Steady-State Cruise Problem

To compare with the optimal periodic cruise, the optimal steady-
state cruise is also studied. The fuel rate in Eq. (11) is minimized
subject to steady-state dynamic equations. Since the altitude and
velocity are constant during the flight of SC trajectories, the steady-
state dynamic equations that contain angle of attack and throttle can
be given from Eqgs. (3), (4), and (7) as follows:

pS,CprV>

SGCT maxSe COS 00 — >

0 (23)

_ S,C, V? V?
SGCr maxSe SINC + p;,% — m(g — T) =0 24)

There is no glide phase for this type of trajectory (there will be no
ton and 7,5). The final time 7,4 will be determined by corresponding
OPC trajectory to be normalized: f.,4 is the time when Eq. (14) is
satisfied. Thus, the free design variables of OSC problem include
a(t), s(t), h, and V. The OSC problem can expressed by

w05

The instantaneous « and s can be solved numerically from
Eqgs. (23) and (24) if the altitude and velocity are known. Thus, the
OSC problem can be divided into two subproblems (the structure of
these two subproblems is similar to the two-level structure of OPC
problem):

1) The inner loop of OSC problem is to find the angle of attack and
throttle that satisfy the steady-state equations by the Newton—
Raphson method.

2) The outer loop of OSC problem is to find the initial altitude A,
and initial velocity V,, to minimize the cost (fuel rate) by the genetic
algorithm in ModelCenter.

Different from the OPC two-level structure, the inner loop of OSC
problem is not an optimization process but a root-finding problem.
Since the decrease of mass is considered, the instantaneous ¢ and s of
OSC from Egs. (23) and (24) will be used to integrate Eqs. (1-5). The
histories of altitude, velocity, and mass of steady-state cruise are
solved numerically. The altitude and velocity will equal to 4, and V,,
as long as the integration step is small. The angle of attack and throttle
will change along with the flight, since the mass of the vehicle
decreases. The result of OSC problem will be given in the next
section.

Numerical Result
Optimal Steady-State Cruise

Figures 3 and 4 show the results of OSC trajectories with different
final time ?.,4. Since the decrease of the vehicle mass, the mean value
of the vehicle mass is lower for longer #.,4. The fuel rate is lower for
the same vehicle model with lower mass. Thus, the fuel rate decreases
for longer ¢.,4 and the heat load increases for longer #.,,4, as shown in
Fig. 3. The hggc and Vg are slightly higher for longer 7,4, as shown
in Fig. 4.

Figure 5 shows the fuel rate versus altitude and velocity of the
steady-state cruise trajectories with 7.4 = 238.65 s (this OSC
trajectory is used to normalize the fuel-optimal PC trajectory without
path constraints from hy =55 km and V;, = 5000 m/s, shown
later). The solution of the optimal steady-state cruise trajectory
solved by a genetic algorithm is hogc = 43.07 km, Voge=
4956.4 m/s, Rogc = 1174.18 km, and Jogc = 1.5305 kg/km
(fuel rate).

Figure 6 shows the histories of angle of attack and throttle of the
OSC trajectory. It is shown that the angle of attack and throttle will
decrease slightly along with the flight, since the mass decreases.



602 KANG ET AL.

154 .
r — — - - - Fuel Rate g
1535F  [T—2—— Heatload + 8000
B ]
T 153 F E'\\ - 8000 gg
% [ a ] 5
£1525F S 17000 3
= F a ] 3
£ F ) ] «
S 152 - a R 3 6000 3
S F R : 5
= 1eleE At 15000 T
3 “a E
1.51 o . \_T4000
1.505 VRN U RS SRS N S SR N RSN N
200 300 400 500 600

Final Time (s)
Fig. 3 Fuel rate and heat load of OSC trajectories with different final
times.

4331 4980
A - - - - - Height
—aA— Velocit:
43.25¢ coey 4975
T B2 4970 g
= r -
£ 4315 - z
° i 4965 '8
£ ] )
T 431 ] S
4960
43.05
4955

43 L PRI IS ST N .

200 300 400 500 600
Final Time (s)

Fig. 4 Height and velocity of OSC trajectories with different final

times.

et
o

W

»
2

N

Fuel Rate (kg/km)

o=
o

. 5500
5000

- 4500
Velocity (m/s)

Fig. 5 Fuel rate of steady-state cruise versus altitude and velocity
(feng = 238.65 s).

, 40
Height (km)

35 4000

Optimal Periodic Cruise of Inner Loop

The inner-loop optimal periodic cruise trajectories (b, = 55 km,
V, = 5000 m/s) with different objectives and path constraints are
analyzed here. The node numbers are given as P, = P; =11 and
P, =N =06 for the fuel-optimal PC trajectory without path
constraints, P; = P; =2 and P, = N =21 for heat-optimal PC
trajectory, and P, = P, = P; = N = 10 for the fuel-optimal PC
trajectory with path constraints (szlx =500 W/cm? and n,=
2 g). The bounds of control variables are 0 < «(f) <20 deg and
0 <s(t) <1. The downrange of these PC trajectories are
Ropc = 1174.18, 1187.63, and 1183.88 km. The fuel rate and heat
load of this PC trajectory will be normalized by the OSC trajectories
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Fig. 6 Control variables of OSC trajectory (f.,q = 238.65 s).

with 7., = 238.65,241.36, and 240.61 s. The control variables of the
OPC trajectories are given in Figs. 7-9.

Figures 7-9 show that for the model used in this paper, the throttle
will follow a bang-bang control structure for all these OPC
trajectories. Thus, the throttle can be set to 1 in the boost phase. The
altitudes of the OSC trajectory and the OPC trajectories are given in
Fig. 10. It can be seen from Fig. 10 that for given initial states,
imposing path constraints will increase the altitude of PC trajectories.
The heat-optimal PC trajectories tend to fly as high as possible to
reduce the heat load. However, this will increase the fuel rate
significantly, since the engine is on for the majority time (full period
in this case) of one period, as shown in Fig. 8.

Two factors need to be considered when choosing node numbers
of design variables: calculation cost and precision. Table 1 shows the
result of different node numbers of angle of attack and throttle for a

T Throttle | 1.2
AOA

o
®

Angle-of-attack (degree)
» a o o
(o] (9] N S [=2)

Throttle

»
)

4.4i‘llklkllkllklkll\lllll\—‘o
0 50 100 150 200

Time (s)
Fig. 7 Control variables of fuel-optimal PC trajectory without path
constraints.
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fuel-optimal periodic cruise trajectory (hy =355 km and V=
5000 m/s) with given optimal #,,, Z,,, and .

Table 1 shows that more nodes of angle of attack may result in a
better solution (the difference is less than 0.5%) but significantly
higher calculation cost. The design variables ,,, Zo¢ and ¢ have more
influence on the objectives than the number of angle-of-attack nodes.
Two nodes in each phase can generate near-optimal solutions from
the numerical test. Thus, the effect of node number of angle of attack
is ignored and the number of nodes in each phase was chosen to be
two in the process of tradespace visualization to reduce the
calculation cost.

Determination of Inner-Loop Objectives and Constraints

The first step of tradespace visualization is to build an analysis
model [19]. The model used in this paper is the inner-loop optimi-
zation program that generates the periodic cruise trajectories. We still

need to determine the objectives and constraints of the inner-loop
optimization to complete building the analysis model.

Determination of Objectives in the Inner-Loop

Experimental designs are often used to explore the design space
and get better understanding of the effect of input (factor) on output
(response). The sample data generated from an experimental design
can also be used to construct an approximation model. An experi-
mental design is expressed in terms of factors (design variables) set at
specified levels (value of design variables) [29]. A survey of
experimental designs can be found in [29]. The most basic experi-
ment is a full factorial experiment that specifies levels for each factor
and evaluates the outputs at every combination of the values. Since
there are only two design variables (4, and V;) in the outer loop,
the number of runs for a full factorial experiment is acceptable.
To determine the objective of the inner loop, two full factorial
experiments (2 factors at 21 levels) are conducted, where the
objective is optimal fuel rate J; and optimal heat load J,. The upper
boundary ofinitial height is constrained to 120 km (altitude of reentry
interface). The lower boundary is constrained to 50 km (higher than
hosc)- The range of velocity is from 4500 to 6000 m/s. The results of
these two experiments are given in Figs. 11-14.

Figure 12 shows that if the objective of the inner loop is J;, the
majority fuel-optimal PC trajectories can still achieve better heat
performance than the OSC trajectory while maintaining low fuel rate
as well (see Fig. 11). On the other hand, if the objective of the inner
loop is J,, the lowest resulting normalized fuel rate is 1.1, as shown in
Fig. 13, which means cost more fuel than the OSC trajectory, though
the heat load is low (see Fig. 14). The results from the second
experiment are not desired for OPC trajectories. It is more difficult to
get a lower fuel rate compared with a lower heat load. Thus, we
consider the fuel rate be the only objective in the inner-loop
optimization.

Determination of Constraints in the Inner-Loop

Once we determined the inner-loop objective, the next step is to
determine the path constraints of the inner loop (dynamic equations,
terminal state constraints, and upper/lower bound of design variables
should be imposed on the inner loop to generate periodic cruise
trajectories). From the experimental design, it can be seen that
different initial states result in the variance of maximum heating rate
from 422.64 to 1425.42 W /cm?. The maximum acceleration load
varies from 0.662 to 9.67 g. The maximum dynamic pressure varies
from 33.55 to 489.79 KPa. The different values of these constraints
on given initial states (55 km, 5000 m/s) are imposed to test the
effects on the path constraints from the control variables. The results
are given in Figs. 15-17.

Compared with the variance of the maximum heating rate
constraint achieved by the initial states, the one achieved by the
control variables (angle of attack, throttle, thrust times, and flight
time) is relatively small. On the other hand, Figs. 15-17 show that
constraining the path constraints through the control variables will
degrade the fuel-rate performance but improve the heat performance

Table 1 Results with different node numbers for OPC trajectories

Node number (P;-P,-P5)

Fuel rate, normalized

Heat load, normalized Calculation time, s

Fuel-optimal PC (no path constraints)

2-2-2 0.93271 1.00604 6
11-11-11 0.93265 1.00437 59
21-21-21 0.93265 1.00433 157

Heat-optimal PC

2-2-2 1.17038 0.51147 10

2-11-2 1.17033 0.51113 101

2-21-2 1.17035 0.51112 226

Fuel-optimal PC with path constraints

2-2-2 0.93806 0.92703 23
11-11-11 0.93771 0.93293 100
21-21-21 0.93771 0.93282 228




604 KANG ET AL.

1.05 4
5 101 J |
- \
S .l
E 4 8 g
3 .
P
<
S |
5 093 |
] "
067 85 12 0%
hO (km) Worst

Fig. 11 Experimental design space of fuel-optimal PC trajectories of
the inner loop: fuel rate (shade reflects the change of fuel rate).

1.11“-.—,,;,.]..u“‘j,‘,’ff:s
T L e
5 EEE e S L
8 104
E
=}
Z 092
T
Q
[}
E 0.83 Best
0.74 | I
50 &7
5 o
h0 (km) 120 Worst

Fig. 12 Experimental design space of fuel-optimal PC trajectories of
the inner loop: heat load (shade reflects the change of heat load).

1.25 P

1211 4 )

Fuel Rate (Normalized)

Worst

Fig. 13 Experimental design space of heat-optimal PC trajectories of
the inner loop: fuel rate (shade reflects the change of fuel rate).

(except for maximum acceleration load case shown in Fig. 16). For
example, when the maximum heating rate of 400 W/cm? is
imposed, the value of normalized fuel rate increases to 1.015 (which
is even worse than the optimal steady-state cruise trajectories) and the
value of normalized heat load reduces to 0.686. From Figs. 15-17,
we can also see that imposing a small constraint in the inner loop will
not degrade the fuel rate significantly and reduce the heat load.
Applying small constraints through the control variables can widen
the search space for the initial states (relax the constraints on the
initial states). Thus, the results without and with the inner-loop path
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Fig. 14 Experimental design space of heat-optimal PC trajectories of
the inner loop: heat load (shade reflects the change of heat load).
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Fig. 16 OPC with different maximum acceleration load constraints
(55 km, 5000 m/s).

constraints will be both investigated. The Qmax and n,,, are consid-
ered as the inner-loop path constraints, since the effects of Qmax and
(max are similar, as shown in Figs. 15 and 17. The tradespace
visualization without the inner-loop path constraints will be first
analyzed next.

Generation of Initial Exploratory Designs

Once the inner-loop objectives and constraints are determined, the
analysis model has been built for the tradespace visualization. The
exploration of the full design space can then be conducted with the
inner-loop optimization model. The results of the path constraints are
given in Figs. 18-20 (the results of the objective are already shown in
Figs. 11 and 12). Also, we can identify some trends in the data and
find some relationships between the inputs and outputs.



KANG ET AL. 605

11 \
£ - - @1- — - Fuel Rate 1
\ —=A—— Heat Load
5 Iy T
S105-h 109 &
T 3 ©
E E
S H08 2
Py 1+ o
8 g
1 o7 =
5 I b
0.95| o T
g 0.6
4 -8 R
PRI BT R SRS R PR | ‘:?

40 50 60 70 80 90
Maximum Dynamic Pressure Constraint(Kpa)

Fig. 17 OPC with different maximum dynamic pressure constraints
(55 km, 5000 m/s).

14254 —
1175

924

Best

Maximum Heating Rate (W/cm?)

hO (km) 120 Worst
Fig. 18 Experimental design space of fuel-optimal trajectories of the
inner loop: maximum heat rate (shade reflects the change of Q,,,.,)-

9.674 :

7.42

Maximum Acceleration Load (g)

10:
hO (km) Worst

Fig. 19 Experimental design space of fuel-optimal trajectories of the
inner loop: maximum acceleration load (shade reflects the change of
"max)-

Figure 11 shows that the normalized fuel rate varies from 0.883 to
1.054. A higher h, can achieve a lower fuel rate. For each h,, there
exists a fuel-optimal V,,. The value of this V|, increases as &, is higher.
To analyze the mechanism of the fuel rate with respect to A, and V,,,
two factors should be considered: the drag effect for a given range
and the engine performance. Since the optimal angle of attack makes
good use of the aerodynamic performance of the vehicle, only the
flight environment (dynamic pressure) factor of the drag effect is
considered. For a given V, a higher &, can make most parts of the
flight altitude higher (beginning and ending part) and only a small
part of flight altitude lower (middle part). From the numerical results,
the drag effect is reduced for a given range by using a higher /. The
engine performance is improved because of the lower altitude in the

boost phase can benefit /g, of the engine, as shown in Eq. (8). Thus,
lower fuel consumption is achieved. For a given A, a higher V|, will
keep the entire flight higher. Here, the drag effect for a given range is
reduced. However, the engine performance is degraded due to higher
altitude in the boost phase. That is the reason there is an optimal V/,
for given h,, which has the best balance between drag effect and
engine performance.

Figure 12 shows that the normalized heat load varies from 0.735 to
1.11. A higher hj and a higher V,, will cause a lower heat load. The V;,
dominates the variance of heat load, and the optimal heat load
solutions tend to have highest V. For a given h, a higher V, will
keep the vehicle flight higher and longer. Though the flight velocity is
higher, the effect from lower atmospheric density is more significant.
The total heat load for a given range is reduced by increasing V. Fora
given V, a higher h, can make part of flight height higher (the glide
phases) but make other parts of flight height lower (the boost phase).
The total effect of increasing the A, can slightly reduce the total heat
load for a given range.

Figures 18-20 show that for a given V), a higher i, will cause a
higher anax, Nmax»> and g .- This is because a higher i will cause a
lower /4,0 Which means the atmospheric density will be higher (the
velocity at /. are approximately the same). Thus, Qmax, Nmax»> and
Gmax Will increase. For a given A, a higher V,, will cause a lower n,,,,
and g, butahigher Q'max. This is because increasing V, will cause a
higher velocity at hy,.q and a higher 5y, (lower atmospheric
density). There will be a tradeoff effect on these constraints when V/,
increases. The effect of velocity on maximum heating rate is a more
significant effect according to Eqgs. (17), (19), and (20).

Screen Design Parameters

The next step is to specify the objectives and constraints for the
outer-loop (the constraints in the outer-loop include path constraints
and upper/lower bound of design variables). From Figs. 11 and 12,
the trends of fuel rate and heat load are very different. These two
competing objectives form a trade off. So the outer-loop objectives
include fuel rate and heat load. Since the acceleration load is related
to the dynamic pressure, as shown from Figs. 19 and 20, we only
consider the maximum acceleration load and maximum heating rate
constraints in the outer loop. Once the path constraints are imposed,
the distribution of the optimal solutions will be changed. So the goal
of the tradespace visualization is to determine the optimal solutions
subject to different path constraints.

To observe the effect on the objectives from the path constraints,
contour plots of fuel rate and heat load are given in Figs. 21 and 22,
respectively (the units of anax are W/cm? and the unit of 7, is g in
the contour plots). The path constraints are approximated by straight
lines. The numbers beside the shade bar are the value of normalized
fuel rate and normalized heat load in Figs. 21 and 22, respectively.

Figure 21 shows once the path constraints are imposed, the highest
height of the feasible area is the height on the intersection of
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Fig. 20 Experimental design space of fuel-optimal trajectories of the
inner loop: maximum dynamic pressure (shade reflects the change of
émax)-
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Fig. 21 Contour plot of fuel rate and path constraints.

maximum heating rate line and maximum acceleration load
constraint line. There is always a contour curve of fuel rate that
crosses the intersection of path constraint lines. There are three
possibilities in terms of the relative position of contour curve (which
crosses the intersection point) and the path constraint lines:

1) If the vertex of the crossing contour curve is in the feasible area
(not at the intersection point), there will be a contour curve with lower
fuel rate tangent on one of the two path constraint lines.

2) If the vertex of the crossing contour curve is not in the feasible
area, the optimal fuel solution will be at the intersection point.

3) For an extreme case, if the vertex of the contour curve is the
intersection point; this point will be fuel-optimal solution.

So the fuel-optimal solution will be either at one path constraint
line or at the intersection point. Figure 22 shows that highest velocity
will achieve lowest heat load within constraints. These observations
can help to reduce the searching area and confirm the result during the
process of tradespace visualization.

Different path constraints can be imposed based on the mission
requirements. In this example, four different groups of path
constraints are imposed based on Figs. 21 and 22: 1) no constraint,
2) Opax = 800 W/cm2 and n,,,, = 4 g, 3) O, = 800 W/cm? and
Npax = 3 g, and 4) Qmax =500 W/cm? and n,,,, =2 g. Since each
run of the inner loop is an optimization process, the searching process
with a genetic algorithm adopting the original model will be too
computationally expensive. A way to solve the problem is to use
approximation models to replace the original optimization model.
The response surface methodology (RSM) is introduced to construct
the approximation model.

Metamodeling
Concept

The concept of metamodeling is to use statistical techniques to
approximate a detailed analysis model (inner-loop optimization
model in this paper) [29]. There are some benefits by using
metamodeling technique, as described in [29], and include the
following:
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Fig. 22 Contour plot of heat load and path constraints.

1) It provides fast analysis tools for optimization, particularly for
genetic algorithm.

2) It can provide insight into the relationship between the input and
the output.

Generally, metamodeling techniques involve the follow steps [29]:

1) Choose an experiment design to generate data.

2) Choose a model to represent the data.

3) Fit the model to the observed data.

There are several prevalent methods to construct an approximation
model, such as RSM, kriging, or neural networks.

The characteristics of RSM are [30] that it is easy to implement and
most well established, and it is appropriate for applications with a
small number of inputs (the input variables of the outer-loop optimi-
zation are only %, and V;)). A third-order response surface model is
used to approximate the inner-loop optimization model by RSM in
this paper.

Mathematics of Response Surface Methodology
A true model in response surface methodology can be expressed
by

yx) =f(x) +e (25)

where y(x) is the unknown function of real model, f(x) is a known
polynomial function of x, and € is random error, which is assumed to
be normally distributed with zero mean and variance . A full cubic
model for two factors can be expressed as

V= Bo+ Bixi + Brxy + Bax1x, 4 Buxt + Bsx3
+ Bexixs 4 Brx1 x5 + Bsxi 4 Pox (26)

The coefficients 8; (i =0,1,...,9) determined through a least
square regression to minimize the sum of the squares of deviation of
predicted value y(x) from the actual value y(x). The experiment data
from earlier are used instead of often used central composite designs
as sample data [29]. More details on response surface methodologies
can be found in [31]. The whole design space is divided into two parts
and each part is approximated by a cubic polynomial through the
response surface methodology. The approximation models for the
objectives and the path constraints are given in Appendix A.

Error Analysis of Approximation Model

The most important concern of an approximation model is that if it
is precise enough to represent the original model. Three parameters
are used to measure the error of the approximation [18]:

1) The standard error (SE) of regression model is defined as

@7

2) The coefficient of variation is defined as ratio of standard error
to the average value of response variable y:

SE
y

Cov = (28)

A smaller value of these two parameters indicates better fit.

3) The coefficient of multiple determination R? is defined as the
ratio of the regression sum of squares to the total sum of squares of the
fit (expressed as a percentage). The value closer to 100% indicates
better fit:

gt SSex _ SSes
SS(O[ SSreg + SSerr
YL G =)

= (29)

V Y- 3+ =)
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The errors of sample designs of groups 1—4 are given in Tables B1-
B4. It can be seen that the error between the approximation model
and the real model are reasonable small, so the approximate model
will be used to conduct further analysis. The run time using the
approximation model is less than 0.1 s, which compares favorably
with the original optimization model at average 31 s (varies from
initial states and if the path constraints of the inner loop is imposed).

Generate Pareto Set

We can now start to generate the Pareto set of the solutions with
different path constraints by using the approximate model. The
results of these four groups are given in Figs. 23-30. The Pareto
fronts are given in Figs. 23-26. The points highlighted with black
crossing are Pareto solutions in Figs. 27-30. The shade reflects the
preference value of the two objectives. Darker points are the better
results that have lower fuel rate and heat load.

Figures 23-26 show that the fuel performance and heat
performance will be degraded as the stricter path constraints are
imposed. Figure 27 shows that if there is no path constraint, the
Pareto solutions will be on the highest height (120 km). The optimal
fuel-rate solution is on the fuel-optimal velocity line on the highest
height (120 km). The optimal heat load solution is on 120 km as well
and on the highest velocity (6000 m/s). Only the maximum
acceleration load constraint is different in group 2 and group 3. In
group 2, the Pareto solutions are on the maximum heating rate
constraint line. In group 3, the Pareto solutions are on both of the path
constraint lines. The optimal fuel-rate solution is on the intersection
point of the two path constraint lines in group 2 and on the maximum
acceleration load constraint line in group 3. The optimal heat load
solutions of group 2 and group 3 are both on the highest velocity
(6000 m/s). In group 4, the Pareto solutions are on the maximum
heating rate constraint line. The optimal fuel-rate solution is on the
intersection point of the two path constraint lines. The optimal heat
load solution is also on the highest velocity.
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The results show that the lower boundary of V|, of the Pareto
solutions is the optimal fuel-rate solution, and the higher boundary of
V, of the Pareto solutions is the optimal heat load solution. The
Pareto solutions are between these two points (optimal fuel-rate
solution and optimal heat load solution) along with the constraints
(path constraints or maximum height constraints) lines. For the
optimal fuel-rate solutions, they are always on one or two of
the constraint lines, depending on how strict of the constraints are.
The initial velocities of all the optimal heat load solutions are equal to
6000 m/s and always on the maximum heating rate line. The Pareto
fronts subject to the different path constraints are visualized through
tradespace visualization methods. For periodic cruise trajectories, the
fuel rate and heat load are strongly related to the initial states. The
path constraints will change the Pareto front. If the designers need to
fill any gap on the Pareto front, the search space can be reduced
according to the visualization.
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Select Preferred Design

The designers can select their preferred designs from the Pareto
solutions according to the mission requirements. Here, we show the
results of optimal fuel rate, optimal heating load and the best balance
results. Table 2 shows the results from approximation model and
Table 3 shows the results from real inner-loop optimization model.
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Fig. 30 Optimal initial states of group 4.

The maximum error of all the objectives and path constraints of
these solutions from Tables 2 and 3 are as follows: fuel rate is 0.5%,
heat load is 0.1%, maximum heating rate is 1.0%, and maximum
acceleration load is 0.9%. The errors are reasonably small. Figures 31
and 32 only show the height histories and the optimal angle of attack
of groups 3 and 4.

Figure 31 shows that the optimal heat solutions (groups 3-b and 4-
b) have a higher lowest flight height and experience a thinner
atmosphere. Since the only objective of the inner loop is fuel rate, the
optimal control histories in Fig. 32 are actually the fuel-optimal
control histories. The discontinuities points of angle of attack are at
the switch point of the engine.

Pareto Set with Inner-Loop Active Path Constraints

As mentioned earlier, small constraints imposed on control
variables will not degrade the fuel-rate performance (the inner-loop
objective) significantly and widen the search space (also improve the
heat performance). The results from groups 2—4 (see Figs. 28-30)
indicate that the Pareto solutions are on the border where the path
constraints have no impact on control variables. The results of
groups 2—4 are only near-optimal solutions, since the effect on the
path constraints from control variables is ignored. So in group 5,
we let the control variables in the inner loop achieve the total
path constraints that are the same as group 2: namely, Qmax:

Table 2 Results from approximation model of the selected preferred Pareto solutions

Objective Fuel rate, Heat load, Maximum heating Maximum Optimal iy,  OptimalV,,
preference normalized normalized rate, W/cm? acceleration load, g km m/s
OSC Group
Optimal fuel rate 1 1 0.60 43.04 4948
Group 1: no constraint
a: optimal fuel rate 0.883 0.927 1250.0 8.02 120.0 5262
b: optimal heat load 0.924 0.736 1427.3 6.15 120.0 6000
c: best balance 0.894 0.828 1354.0 7.05 120.0 5661
Group 2: anax =800, ny, =4
a: optimal fuel rate 0.905 0.966 3.99 73.57 5116
b: optimal heat load 0.982 0.758 1.90 65.93 6000
c: best balance 0.933 0.842 2.53 67.55 5662
Group 3: Opax = 800, Ny = 3
a: optimal fuel rate 0.914 0.938 3.00 66.28 5261
b: optimal heat load 0.982 0.758 1.90 65.93 6000
c: best balance 0.938 0.829 242 67.23 5714
Group 4: Qg = 500, Nypge = 2
a: optimal fuel rate 0.939 1.035 1.98 52.78 4874
b: optimal heat load 1.044 0.786 0.71 50.83 6000
c: best balance 0.965 0.909 1.10 50.63 5481
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Table 3 Results from original model of the selected preferred Pareto solutions

Objective Fuel rate, Heat load, Maximum heating Maximum Optimal i,,  OptimalV,,
preference normalized normalized rate, W/cm? acceleration load, g km m/s
Group 1: no constraint
a: optimal fuel rate 0.883 0.928 1249.1 8.01 120.0 5262
b: optimal heat load 0.925 0.735 14254 6.14 120.0 6000
c: best balance 0.893 0.828 1355.6 7.05 120.0 5661
Group 2: Qmax =800, Ny =4
a: optimal fuel rate 0.905 0.967 4.00 73.57 5116
b: optimal heat load 0.982 0.757 1.90 65.93 6000
c: best balance 0.933 0.842 2.53 67.55 5662
Group 3: Quax = 800, Ny = 3
a: optimal fuel rate 0.915 0.938 3.01 66.28 5261
b: optimal heat load 0.982 0.757 1.90 65.93 6000
c: best balance 0.938 0.829 2.41 67.23 5714
Group 4: Opae = 500, Nypae = 2
a: optimal fuel rate 0.939 1.035 1.97 52.78 4874
b: optimal heat load 1.049 0.786 0.71 50.83 6000
c: best balance 0.965 0.909 1.11 50.63 5481

800 W/cm?, and n,, =4 g. We can repeat the process of
aforementioned tradespace visualization to generate the Pareto front
of group 5. A full factorial experiment (2 levels, 21 factors) that the
path constraints are imposed in the inner loop is conducted. The
searching space is given as the range of /i, is 60-90 km (higher
altitude will not generate feasible solutions). The range of V/, is from
4950 to 6000 m/s. The constraints J; < 1 and J, < 1 are imposed.
The results are given in Figs. 33-36.

Figures 35 and 36 show the active path constraints region (reach
the maximum value of the path constraints) of the inner loop of
group 5. The approximation models then can be constructed from
RSM (models IIT and IV in Appendix A). The Pareto fronts and
optimal initial states of group 5 are generated by the approximation
models. The results are given in Figs. 37 and 38.

The borders (approximate) of the active path constraints are shown
in Fig. 38. Note that the borders of active path constraints in Fig. 38
are not the path constraint lines in the outer loop (see Figs. 21 and 22).
The reason for that is Qmax and n,,,, are related (imposing one will
reduce the value of the other one). The whole design space is divided
into four parts by the borders of the path constraints: namely, regions
1,2, 3, and 4. There are four possibilities in terms of whether the path
constraints are activated on the control variables:

1) If the solutions are in region 1, no path constraints are activated
on the control variables.

2) If the solutions are in region 2, Q.maX is activated on the control
variables and n,,,, is satisfied automatically.
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Fig. 31 Height of groups 3 and 4 from Table 3.

3) If the solutions are in region 3, n,,, is activated on the control
variables and Qmax is satisfied automatically.

4) If the solutions are in region 4, both anax and n,,, are activated
on the control variables.

It can be seen that the Pareto solutions of group 5 are in region 2 for
most points and region 4 for only a few points near the fuel-rate
optimal solution. Table 4 shows the optimal fuel rate, optimal heat
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Fig. 32 Angle of attack of groups 3 and 4 from Table 3.
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Fig. 33 Experimental design space of group 5: fuel rate (shade reflects
the change of fuel rate).
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Fig. 34 Experimental design space of group 5: heat load (shade reflects
the change of heat load).
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Fig. 35 Experimental design space of group 5: maximum heat rate
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Fig. 36 Experimental design space of group 5: maximum acceleration
load (shade reflects the change of n,,,,).
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Fig. 38 Optimal initial states of group 5.

load, and best balance solutions of group 5 with original inner-loop
optimization model.

Table 4 shows that the optimal fuel-rate solution is in region 4 and
the other two solutions are in region 2. Compare the results from
group 2 (see Table 3) and group 5 (see Table 4), the results from
group 5 are generally better than the ones from group 2. This is
because group 5 provides the solutions in which the path constraints
were activated on control variables (inner loop) that are the true
optimal solutions subject to constraints. However, the optimal fuel-
rate solutions are very close for these two groups, which shows that
imposing path constraints only in outer loop can generate the near
fuel-optimal solutions. The heat performance is significantly better
(higher altitude) when path constraints are imposed on control
variables (group 5).

Note that the results of groups 1-5 show that a higher A,
and V|, desirable for cruise phase, but it also costs more energy to
get to a higher start condition. So the overall optimal solutions
include ascent trajectory phase need to be investigated as a follow-on
work.

Table 4 Results from group 5 with original model

Objective Fuel rate, Heat load, Maximum heating Maximum Optimal iy,  OptimalV,,
preference normalized normalized rate, W/cm? acceleration load, g km m/s
Group 5: Qg = 800, Ny = 4
a: optimal fuel rate 0.904 0.934 4.00 75.12 5125
b: optimal heat load 0.998 0.585 2.29 78.34 5946
c: best balance 0.955 0.660 2.99 80.30 5618
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Conclusions

The genetic algorithm and a sequential quadratic programming
algorithm are used to study the multi-objective optimal periodic
cruise trajectories. The individual effects on the objectives and
constraints from both initial states and control variables are studied.
The results show that the initial states are key parameters to
determine fuel-optimal solutions subject to different path constraints.

The two-level optimization method makes incorporating a genetic
algorithm (dealing with the initial states) and local algorithms
(dealing with the control variables) possible. With the advantage of a
genetic algorithm (used in the tradespace visualization), the entire
families of optimal solutions with different constraints can be found,
with these Pareto solutions offering the designer more choices.
Compared with the optimization-based design process using an
evolutionary algorithm, the tradespace visualization allows the de-
signers to properly formulate the problem (specify appropriate
objectives and constraints) and to be more confident with the
optimality of the solutions. Another advantage of the two-level
optimization method, as long as the outputs of different inner-loop
models are reasonably close, is that the inner-loop model is
replaceable without affecting the outer loop. Thus, once the exper-
imental design spaces are generated from the inner-loop optimization
model, the approximation model can be introduced to speed up the
optimization process.

Appendix A: Approximation Models from Response
Surface Methodology

Model I (groups 1-4), hy > 85 km:

A

T, =—0.6092551 —0.2138189 x 105 x hy + 0.1213680 x 10~
x Vi +0.2199958 x 10~ x hy x V,, + 0.1103069 x 10~10
x h2 —0.2909753 x 1076 x V2 + 0.3639336 x 104
x h2 x Vo +0.1103069 x 10710 x 52 —0.2909753 x 1076
x V2 4 0.3639336 x 1014 x h2 x V, — 0.1134646 x 10~12
x V2 x hy — 0.7741788 x 10716 x h3 + 0.2303371 x 1010
x V3 (A1)

7, = 0.8628225 — 0.1244635 x 1075 x hy + 0.3563840 x 10~
x Vo +0.1708186 x 10~1° x g x V,, + 0.1281772 x 10~1°
x h2 —0.7928315 x 107 x V2 + 0.1023877 x 10~4
x h2 x Vy — 0.3522263 x 10713 x V2 x hy — 0.5290142 x 10716
x h3 + 0.3224057 x 10711 x V2 (A2)

émax =0.1368107 x 10* —0.9421702 x 1072 x hy — 0.8560719
X Vo + 0.8460459 x 105 x Jy X Vo — 0.6518356 x 107
x B2+ 0.1487072 x 1073 x V2 — 0.1670244 x 1010
X h3 x Vi —0.2624390 x 1079 x V2 x hy
+0.3823875 x 10712 x 13 —0.1048187 x 1077 x V§ (A3)

Amax = 0.6669090 + 0.1238728 x 1073 x hy — 0.1208974 x 1072
x Vo +0.1355299 x 1077 x hy x V, —0.1707872 x 10~°
x h3 +0.1664279 x 1076 x V3 —0.1979948 x 10~12
x h3 x V 4 0.9133976 x 10712 x V x hy
+0.3679668 x 1071 x h} —0.3372903 x 10719 x V3 (A4)

Model II (groups 1-4), hy < 85 km:

J, = —0.7877075 — 0.1334702 x 10~* x hy + 0.1488602 x 102
x V + 0.2954448 x 1078 x hy x V) + 0.6618182 x 10~1°
x h2 —0.3653964 x 1076 x V2 + 0.3148363 x 1013
x h2 x V —0.7964268 x 1012 x V2 x h,
—0.9338642 x 10715 x 73 +0.3126214 x 10710 x V3 (A5)

}2 =0.9197741 — 0.8492234 x 1075 x hy + 0.4301396 x 1073
X Vi + 0.8134856 x 10~° x hy x Vo + 0.7560975 x 1010
X h3 —0.9829531 x 1077 x VZ + 0.5509288 x 10714
X h} x Vo —0.1937018 x 10712 x V2 x hy
—0.3835204 x 107" x h} + 0.5236912 x 107" x V3 (A6)

Ouas = 0.9634054 x 10° — 0.584777 x 102 x hy
—0.6918555 x V, + 0.8791102 x 1075 x
x Vo — 0.1220364 x 1076 x h2 + 0.1174547 x 10~
x V2 —0.6418627 x 10710 x h2 x V, + 0.4118066 x 10~
X V2 x hy + 0.1690484 x 10~ x h3 — 0.1199248 x 10~
X V3 (A7)

Arma = 0.6837498 + 0.1330069 x 1072 x hy
—0.1923996 x 102 x V,, + 0.5870633 x 10~ x I,
x Vo — 0.1667477 x 108 x h2 — 0.1056736 x 10~
x V2 + 0.4574384 x 10712 x h2 x V — 0.1350685 x 10~1°
x V2 x hy — 0.4526531 x 1071 x h3 + 0.6129930 x 10~1°
x V3 (A8)

Model III (group 5), hy = 72 km:

A

Ji = —0.5664927 x 10! 4 0.2815108 x 1073 x hj
+0.8236505 x 1073 x V, — 0.7134605 x 107 x h,
x Vo — 0.1606637 x 1078 x h2 + 0.2094365 x 10~
x V2 4 0.3295699 x 10712 x h2 x V,, + 0.2473752 x 101!
X V2 x hy + 0.4039297 x 1015 x h3 — 0.1745707 x 10~1°
X V3 (A9)

J, = —0.7661653 x 102 4 0.1346142 x 1072 x
+0.2536153 x 10~! x V,, — 0.4492167 x 10~
x h3 — 0.3744578 x 1076 x hy x Vy — 0.2170709 x 10~
X V3 +0.6755879 x 10712 x h2 x V, 4 0.2454104 x 10710
X V3 x hy + 0.4232803 x 10~ x h3 + 0.2392278 x 10~1°
x V3 (A10)
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Model IV (group 5): hy < 72 km

Ji = —0.1275256 x 10* + 0.2700968 x 1073 x h,

+ 0.4755546 x 1072 x V) — 0.3549114 x 1077 x h,,

x Vo — 0.2727996 x 1078 x h2 — 0.7389615 x 10~

X V2 4 0.2440872 x 10712 x h2 x V, + 0.2506847 x 102
X V3 x hy + 0.7546121 x 10714 x h} + 0.4986385 x 10~1°
x V3 (A11)

J, =0.3993517 x 10?2 — 0.1665742 x 1072 X hy

—0.2147942 x 1072 x V, + 0.1638961 x 107 x 2
+0.2360921 x 107 x /1y x Vo — 0.9627323 x 10~

x V2 —0.1460136 x 10~ x h2 x V, — 0.4905021 x 10!
x V2 x hy — 0.4518998 x 10~13 x /3 + 0.7510255 x 10~1°
X V3 (A12)

Appendix B: Errors of the Approximation Models

Table Bl Maximum error of the approximation model I

Response SE Ccov R?
Fuel rate (normalized) 0.00043  0.05% 99.90%
Heat load (normalized) 0.0024 0.03%  100.0%
Maximum heating rate 0.78 0.07%  100.0%
Maximum acceleration load 0.013 0.20% 99.99%

Table B2 Maximum error of the approximation model II

Response SE Cov R?
Fuel rate (normalized) 0.00088  0.09% 99.90%
Heat load (normalized) 0.00048  0.05% 100.0%
Maximum heating rate 1.51 0.21% 99.99%
Maximum acceleration load 0.01 0.31% 99.99%

Table B3 Maximum error of the approximation model III

Response SE Cov R?
Fuel rate (normalized) 0.0014 0.15% 99.77%
Heat load (normalized) 0.0053 0.69% 99.80%

Table B4 Maximum error of the approximation model IV

Response SE COv R?

Fuel rate (normalized) 0.00051 0.05% 99.95%

Heat load (normalized) 0.0045 0.52% 99.74%
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